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Abstract 



We give the explicit algorithm computing the motivic generaliza- 
\^ • tion of the Poincare series of the plane curve singularity introduced by 

•^ ■ A. Campillo, F. Delgado and S. Gusein-Zade. It is done in terms of 

the embedded resolution of the curve. The result is a rational function 
depending of the parameter q, at q = 1 it coincides with the Alexander 
polynomial of the corresponding link. For irreducible curves we relate 
this invariant to the Heegard-Floer knot homologies constructed by P. 
Ozsvath and Z. Szabo. Many explicit examples are considered. 
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1 Introduction 

In the series of articles (e.g. [3], [I]) A. Campillo, F. Delgado and S. Gusein- 
Zade proved that the Alexander polynomial of the link of the plane curve 
singularity is related to the generating function arising in the purely algebraic 
setup. 

Let C = U[ =1 Cj be a germ of a plane curve, 

Ti :(C,0)->(Ci,0) 

are the uniformizations of its components. If / E O = Oc 2 ,o is a germ of 
function on (C 2 ,0), we define 

v t (f) = 0rdo/(7i(<)), 

and the Poincare series of the curve C is defined ([J]) as the integral with 
respect to the Euler characteristic 

P c (t 1 ,...,t r )= f tl 1 -...-t r ^d X , (1) 

where ¥0 denotes the projectivisation of O as a vector space. For example, 
if C is irreducible, we can define the decreasing filtration 

OD^DJiD..., J n = {feO\v 1 (f)>n}, (2) 

and 

oo 

P C (t) = Y, tndimJ n/Jn+l- (3) 

n=0 

Let A c (ti, . . . ,t n ) denote the Alexander polynomial of the intersection 
of C with a small sphere centered at the origin. The theorem of Campillo, 
Delgado and Gusein-Zade says that if r = 1, then 

(l-t)P c (t) = A c (t), (4) 

and if r > 1, then 

P cr (ti,...,t r ) = A c (ti,...,t r ). 

In [5] there was proposed the following natural generalization of the 
Poincare series. One can naturally define the motivic measure on the space 
of functions, and consider the following motivic integral, generalizing (Q: 

P?(ti,...,t r )= [ tT-...-t r ^d^l. (5) 



If r = 1, we can rewrite (jSJ) as the generalization of ([3]): 

00 „codimj n _ „codimj n+ i 

*?<«> = E«" 3 r^ • (6) 

n=0 ^ 

so in this case one can deduce P g (t) from P(t). If r is greater than 1, the 
situation becomes more complicated: the motivic Poincare series is not de- 
termined by the ordinary one and the method of its computation is more 
complicated. Nevertheless, the explicit algorithm is presented below (theo- 
rem 3). We also need the following 
Definition: The reduced motivic Poincare series is the power series 

P g (t u . . . , t r ) = (1 - qh) • . . . • (1 - qt r ) ■ P g (t l} ...,t r ). (7) 



We prove that the reduced motivic Poincare series satisfies the following 
properties. 

1. Polynomiality. P g {ti, . . . , t n ; q) is a polynomial in t\, . . . , t n and q. 
We give a bound for its degree on ti, . . . , t n . 

2. Reduction to the Alexander polynomial. If n = 1, then 

P g (t;q = l) = A(t), 

where A denote the Alexander polynomial of the link of the correspond- 
ing plane curve singularity. If n > 1, then 

n 

P g {t u ...,t n ,q = l) = A(t l5 . . . , t n ) ■ JJ(1 - U). 

8=1 

3. Forgetting components. Let C be a curve with n components, and 
C\ be an irreducible curve. Then 

P^ UCl (t!, ...,t n , t n+1 = 1) = (1 - q)P^(ti, • • • , t n ) . (8) 

If C has only one component, then 

P C 9 (t = 1) = 1. 

This property is clear from the equation (JS]), but seems to be curi- 
ous and, for example, does not hold for the Alexander polynomial (we 
cannot reconstruct the Alexander polynomial of a sublink from the 
Alexander polynomial of a link). 



4. Symmetry. Let \i a be the Milnor number ([2]) of C a , (C a o Cp) is the 
intersection index of C a o Cp, /x(C) is the Milnor number of C. Let 

la=fia + £(C a o Cp), 6(C) = Ou(C) + r - l)/2. 

It is known that the Alexander polynomial is symmetric in a sense that 

A(t^\...,t~ 1 ) = l[t- l "-A(t 1 ,...,t n ). 
We prove the generalization of this identity, namely, 

qti qt r -"-^ 

In more knot-theoretic language, \x a is equal to the genus of the link of 
C a multiplied by 2, and (C a o Cp) is equal to the linking number of the 
corresponding link components. Another remark is the identity 

r 

Y^L = 25(C). 

a=X 

5. Relation to the knot homologies. For irreducible curves we prove 
that P g (t) can be related by the simple procedure with the Poincare 
polynomial of the Heegard-Floer knot homologies constructed by P. 
Ozsvath and Z. Szabo. These homologies are the different "categorifi- 
cation" of the Alexander polynomial, tightly related with the symplec- 
tic topology and Seiberg-Witten theory Since the origins of our and 
their construction are quite far, the relation between them seems to be 
interesting. No conceptual proof for this fact is known, and we just use 
that both answers are determined by the Alexander polynomial in the 
same way. 

The paper is organized in the following way. In the section 2 we recall 
the definition of the Poincare series of a plane curve singularity. Then we 
recall the definition of the motivic measure on the space of functions and 
give, following [5], two definitions of the motivic Poincare series as a motivic 
integral and in terms of the multi-index filtration associated with the curve. 
We give the simple method of deduction of the motivic Poincare series for 
irreducible curves from the ordinary Poincare series. In Theorem 2 we recall 
the formula from [5] expressing the motivic Poincare series in terms of the 



embedded resolution of a curve. This formula is proved by Campillo, Delgado 
and Gusein-Zade using thorough analysis of the geometry of the embedded 
resolution of a curve. 

In the section 3 we apply the Theorem 2 to a nonsingular curve and 
explain step-by-step the calculation of all sums involved. It turns out to be a 
curious exercise, and this simplest example is a toy model for the consequent 
combinatorial work. 

The section 4 contains several steps of the simplification of Theorem 2. 
In the result (lemma 6) the motivic Poincare series is expressed in terms 
of some quantities c_k(ti). In lemma 5 the generating function for these 
quantities is explicitly written. Directly applying lemma 6, we get a lot of 
similar summands which cancel after all substitutions, but this cancellation 
is not clear from lemmas 5 and 6. For example, it is not even clear, that the 
answer is a polynomial. 

Therefore in the rest of section 4 we discuss the analogues of the identity 



n=0 



Fq^iq-n-tq) 



arising in the nonsingular case. The result of this investigation is Theorem 
3, where we formulate an explicit algorithm of calculation of the motivic 
Poincare series. This algorithm does not involve infinite sums, and can be 
successively realised as a short Mathematica program. 

The answer is presented in the same manner: the motivic Poincare series 
is expressed in terms of some quantities dp(n), which fits into the explicitly 
written generating function Hp{u). This function is generally more compli- 
cated, than the one from lemma 5, but in some examples (lemma 9) it is 
more or less compact. 

Section 5 contains a bunch of explicit answers for the resolutions contain- 
ing up to 3 divisors. 

In the section 6 we prove the symmetry property for the motivic Poincare 
series (Theorem 4). It generalizes the known symmetry property for the 
Alexander polynomial of a link. From the viewpoint of the algebraic geome- 
try, it is related to the Gorenstein property of the coordinate ring of a curve 
([6]), and, on the other hand, to the Serre duality on the components of the 
exceptional divisor, which is the origin of the Kapranov's functional equation 
([TU],[H]) for the motivic zeta function. 

The main result of the section 7 is Theorem 6 describing the remarkable 
relation between the motivic Poincare series and the another deformation of 
the Alexander polynomial, namely, the Poincare polynomial for the Heegard- 
Floer knot homologies (|16|.|17j). It is proved using the known algorithms 

6 



of deduction of the Heegard-Floer homologies and motivic Poincare series 
from the Alexander polynomial. We also give some corollaries from this fact 
which seems to carry more geometry. A filtered complex of Z[£7] -modules 
analogous to the complex CFL~(K) is constructed. We also compare the 
motivic Poincare series with the Heegard-Floer homologies of two-component 
links, corresponding to the singularities of type A 2n -i. 
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2 Poincare series and its generalization 

2.1 Poincare series 

Let C = U r i=1 Ci be a reduced plane curve singularity at the origin in C 2 , and 
Ci are its irreducible components. Let 7$ : (C, 0) — > (Cj,0) are uniformisa- 
tions of these components. 

We define r integer- valued functions on the space O = 0c 2 ,0 by the 
formula 

Vi (f) = Ord (/(7i(*))) 

and Z r -indexed filtration 

Jv = {feO\vi(f)>Vi}. 

Note that J„ are also defined for negative values of v. This filtration is 
decreasing in a sense that if v t -< v 2 , then J Ul D J^ 2 . Consider the Laurent 
series _ 

L {h, ...,t r ) = J2 t T--- t r r - dim 4/-4+I- 

Definition: ([6], [3]) We define the Poincare series of the curve C by the 
formula 

P ( , , x L c (t 1; ...,t r )-ni = i(^-i) 

-nSVl, • • • , CrJ = 7 7 ] ■ 

Ci • . . . • t r — 1 

For example, if r = 1, we have 

00 

One can prove, that Pc is always a power series. More geometric meaning 
of this definition is given by the following 

Proposition. (|4J) 

Pc(h,...,t r )= [ tf -...-?; d X . (9) 

On the other hand, we have a link of C - the intersection of C with a 
small three-dimensional sphere centered at the origin. We denote its Alexan- 
der polynomial as Ac(ti, • • ■ ,t r ). Campillo, Delgado and Gusein-Zade in [1] 
proved the following 



Theorem 1 Ifr — 1, then 

P c (t)(l-t) = A c (t), (10) 

and if r > 1, then 

P c (t 1 ,...,t r ) = A c (t 1 ,...,t r ). (11) 

2.2 Motivic measure 

Let C = £<c 2 ,o be the space of arcs at the origin on the plane. It is the set of 
pairs (x(t),y(t)) of formal power series (without degree term). Let C n be 
the space of n-jets of such arcs, let n n : C — > C n be the natural projection. 

Let Ko(Varc) be the Grothendieck ring of quasiprojective complex al- 
gebraic varieties. It is generated by the isomorphism classes of complex 
quasiprojective algebraic varieties modulo the relations [X] = [Y] + [X\Y], 
where Y is a Zariski closed subset of X. Multiplication is given by the for- 
mula [X] ■ [Y] = [1x7]. Let L G K (Var<c) be the class of the complex 
affine line. 

The Euler characteristic provides a ring homomorphism 

X : K (Var c ) -► Z. 

Consider the ring i^o(^arc)[IL _1 ] with the following filtration: Fk is gen- 
erated by the elements of the type [X] ■ [L _n ] with n — dim X > k. Let Ai be 
the completion of the ring i£o(Varc)pL _1 ] corresponding to this filtration. 

On an algebra of subsets of £ Kontsevich, and later Denef and Loeser 
([?]) constructed a measure fi with values in the ring Ai. 

A subset A C C is said to be cylindric if there exist n and a constructible 
set A n C C n such that A = 7r,^ 1 (y4 n ). For the cylindric set A define 



H{A) = [A n ] ■ L" 



-2n 



It was proved in j7] , that this measure can be extended to an additive measure 
on a suitable algebra of subsets in C. 

A function / : C —>■ G with values in an abelian group G is called simple, 
if its image is countable or finite, and for every g e G the set f~ x {g) is mea- 
surable. Using this measure, one can define in the natural way the (motivic) 
integral for simple functions on C as J c fd/x = J2qea9' M/^fiO)) if the right 
hand side sum converges in G <8> M . 

Note that for cylindric sets the Euler characteristic can be well defined by 
the formula x{A) = x(A n ). This gives a Z— valued measure on the algebra of 
cylindric sets. However, it cannot be extended to the algebra of measurable 
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sets. This measure provides a notion of an integral with respect to the Euler 
characteristic for functions on £ with cylindric level sets. It is clear that for 
such functions 



X( / fdn) = / fdx- 

Jc J c 



We will use some simple functions, e.g. v x = Ordox(t),v y = Ordoy(t) 
and v = mm{v x ,v y }, defined for an arc j(t) = (x(t),y(t)). 

Campillo, Delgado and Gusein-Zade (J3J) constructed an analogous mea- 
sure on the space Cc 2 ,o — O of germs of analytic functions on the plane at the 
origin. Let j n (0) be the space of n-jets of functions from O. A subset A C O 
is said to be cylindric if there exist n and a constructible set A n C jniO) 
such that A = j~ 1 (A n ). For the cylindric set A define 

/ A\ r A 1 TT (" + 1 )("+ 2 ) 

fi(A) = [A n ] • L 2 . 

In the same way one can define the motivic integral over the space of func- 
tions. 

As a direct generalisation of the equation (JHJ) Campillo, Delgado and 
Gusein-Zade proposed the following 

Definition: Motivic Poincare series is the motivic integral 

Pf(t U ...,t r )= [ t?-...-t?dfJL (12) 

Jpo 

As above, this definition can be reformulated in terms of the multi-index 
filtration on the space of functions. Let q = L _1 be a formal variable. Let 
h(v) = codimJ £ , and 

^^ q h (v) _ qh{v+l) 

L g (ti, . . . , t r , q) = 2_^ 7~2 ' ^-i 1 • • • tr r - 

vez r y 

Then the following equation holds ([S]): 

P?(t u ...,t r ;q)= ffll \ T) h=1 r '-. (13) 



An example of the calculation of the motivic Poincare series for the sin- 
gularities of type Ain-\ directly from the equation ( fl3l) is presented in the 
section 7.5 below. 



10 



2.3 Irreducible case 

If r = 1, the equation ( TTBl has a very clear form. First, in this case Pg(t) = 
Lg(t). Second, remark that 

codimJ„ = dim O/ J\ + dim J\j J 2 + . . . + dim J v _i/J v , (14) 

so the series Pg(t) can be reconstructed from the series Pc(t). Namely, the 
coefficient at t v in Pcif) vanishes, if J v = J v+ i, and equals to 1 otherwise. 
Therefore we have 

P c (£) = l + £ CT1 +f T2 +£ CT3 + ..., 

where a, form the increasing sequence of integers. 

This sequence has itself the nice description. The functional v (f) = 
Ord /(7(t)) is a valuation on the ring O. This means that v(fg) = v(f)+v(g) 
and v(f + g) > mxn(v(f),v(g)). The set of values of v is a semigroup in M, 
and one can prove that this semigroup coincides with {a\, <7 2 , 03, . . .}. For 
example, for the singularity x p = y q (its link is the torus (p, q) knot) we have 
x(t) = t q ,y(t) = t p , so the corresponding semigroup is generated by p and q. 

Now the equation (|14|) implies the following formula for the motivic 
Poincare series: 

Pf(£; q) = l + qt Ul + q 2 t U2 + q'H as + .... (15) 

Example. Consider the cusp x 2 = y 3 . Its semigroup is generated by 2 and 
3, the Poincare series is equal to 

P(t) = 1 + t 2 + t 3 + t 4 + . . . , 

the motivic Poincare series is equal to 

P g (t) = l + qt 2 + q 2 t 3 + q 3 t A + .... 

Note that 



2 



P(t)(l-t) = l-t + t 

what is Alexander polynomial of the trefoil knot in the intersection with a 
small sphere. 
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2.4 Formula of Campillo, Delgado and Gusein-Zade 

In [5] Campillo, Delgado and Gusein-Zade gave a formula for the generalized 
Poincare series in terms of the resolution. 

Let it : (X, D) — > (C 2 , 0) be an embedded resolution where D = \J* =1 Ei is 
the exceptional divisor. Let E* be Ei without intersection points of Ei with 
other components of D, E° be E' without intersection points of Ei with the 
components of the strict transform of our curve. Let A = (Ei o Ej) be the 
intersection matrix and M = —A -1 . 

Let I = {(i,j) : i < j,E { n E d = pt}, K = {l,...,r}. For a G I , 
a = (i,j) let i(cr) = i, j(cr) = j. For I C Io, K C K let 

Ni,k ■= {n = {rii, n' a , n", h' k , n'l) : n* > 0, % = 1 . . . , s 

n' ff ,n^<r e I;n' k > 0,n'l> 0,k e K}. 

For n G Ni,k, i = 1, ■ ■ ■ ,s, let 

n i = n i + J2 <+ J2 n "+ J2 "*■ ( 16 ) 

cr£l:i(cr)=i adl:j{(r)=i k(^K:i(k)=i 



Let 



^(n) = ^E m ijWi + I]^£^iX(^) + 1)) + £}"*' ( 17 ) 



1 s s s 

^(w) = ^(^ m i^i fl 3 +^2^iC^2 m ijX(E*) + 1)), 

and 



2 



w(fi) = y^ZZli, Ufe(n) := tu^Cn) + rz" 



i=l 



Theorem 2 ^ 



p 9 (t 1; ...,t r , g )= £ £ g Ffa)-EU»*-m-w. (1 _ g) m + 

IClo,KcK neA/"/,K 
, /min{n 4 ,l-x(B?)} , , 

»=1 V i=0 ^ ^ 
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1*1 x 



We briefly recall the sketch of the proof from jS]. Consider a function 
/ G O and its pullback n*f on the space of resolution X. Now let /(/) 
be the set of intersection points in D such that there are components of 
the strict transform of X passing through them, K(f) is the analogous set 
of intersection points of strict transform of C with D. Now rii(f) is the 
intersection index of the strict transform of / with the smooth part of Ei, 
n' a and n'^ are intersection indices of the component of the strict transform 
of / passing through a with E^ a ) and Ej^ respectively, h' k and h'l are 
intersection indices of the component passing through the point k with E^k) 
and corresponding component of C respectively. 

Given these sets and multiplicities, the value of the function t* ■ . . . ■ 
tr r is equal to t-^\ Every summand in Theorem 2 is equal to this value 
multiplied by the motivic measure of the set of functions providing such set 
of data. 
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3 Example: nonsingular curve 

Let us check that for the nonsingular curve the complicated expression from 
Theorem 2 coincides with the expected one. 

We have one divisor and one component of the strict transform of the 
curve. We have I = 0, K = {1}. Also we have x{E°) — l,x(-E") — 2, so 
1 - X (E°) = 0. 

1) K = 0. In this case F{n) = \{n 2 + 3n), so we have a sum 

°° 2 

E n +3n 

t n q 2 . g 

n=0 

2) K — {1}. In this case F(n) = \{h 2 + 3n) + n", so we have a sum 

~^ n— 1 oo co 

" + 3A j.h S~^ -to-1/1 _\ V^ .ra'W V^ _. " ±ga .ft/ _-n , \ 9* 



E ? * ** £ g—^i - ,) e ? B V" = e ? > ^ - 1) • r 

n=l n=0 n"=l 

Summing these two expressions, we get 



ra=l n=l 

n 00 00 

J- /V^ ,ti n '" +1 ) V^ ,„J-1 (»+i)("+2) 

1 + ir^(E*9 2 -E* « 2 )■ 

n=l n=l 

In the last sum all coefficients at t n for n > 2 cancel, so we get 

to 1 

1 + — — = . 

1-qt 1-qt 
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4 Combinatorics 

4.1 Preliminary simplification 

Let 






3=0 

(k can be negative, but n should be non-negative and integer). 

Lemma 1 

[S n (C¥ 1 -k{pt})] = q- n P k - 1 M. 

Proof. 

oo oo 1 

^^[^(cp 1 )] = j^ncn = , 

n=0 n=0 ^ ^ ' 

hence 

E^t^P 1 - k{ P t})] = { _ > = 

n=0 \ ' 

j2(-±r( k ~ l )t a ^ b t b = jrt n it(- i y( k ~ l ) vl ~ a = 

a,b ^ ' n=0 a=0 ^ ' 

oo 

J2t n q- n Pk-iA<l)- 

n=0 

a 

Let 

fi(i,K)= E 1+ E 1+ E x > 

<r£l:i(tr)=i adl:j{rj)=i kdK:i(k)=i 

mi)= E !+ E !■ 

cr£l:i(cr)=i a£l:j(<r)=i 

Note that £I=i /,(/, X) = 2|/| + |tf|, £U /<(') = 2|/|. 
Lemma 2 Lei us /ix hi. Then 

E ^"^'^i-x^),^) = 9 _ft< ^i-x(B?)-/i(/,x).fli-/i(^)(9)- (^ 



n»,njr>"a>«'fc 
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Proof. By lemma 1 we have 



E 1- ni - MI ' K) Pl- X ( E!) ,nM = E ?" /iM [^(^)]- 









Consider a rij-tuple of points on £"°, intersection points cr e I such that 
«(er) = % with multiplicities n' a — 1, intersection points a £ I such that 
j(cr) = % with multiplicities n" — 1, intersection points k £ K such that 
i{k) = i with multiplicities n' k — 1. We get the unordered n.j — /j-tuple of 
points on E° U /»(/, if). Thus the sum (fi~8l) equals to 



fiV,K)\qni-fi(I,K) 



] [S 



(E° U /,(/,#))] = <f*^^)-A(/^,*-/,(r,io(g)- 



D 



Lemma 3 



P g (t 1 ,...,t r ,g)= E E tM -1 F& 

IClo,KcK hi>fi(I,K) t=l 



'/ n^ fti - p i-x(£i)-/ i (^),n i -/ i (/,x)(9)x 



gm ( l- g )IWIII_ 



5** 



fcG-ft: 



g*fe 



(19) 



Proof. First, remark that for every k 



£ W = t 



*jfe9 



<>o 



4<?' 



so from now on we can forget about summation over n" k . 
We have 

s 
g-Et=l*i-|J|-|tf| = gl^lTTg-^-AC 7 '^. 

i=l 

Therefore we can reformulate the statement of Theorem 2 in the form 



P t {t 1 ,...,t r ,q)= E ff m (l-?)- W E * M V®X 



ICl ,KcK 



ni>h{I,K) 



n 



i=i 



V^ g -n i -/ i (/,K)p ] 



1-X(£?),n, 



(?) 



i;,n' CT i«CTi n fc 



Now the equation (1191 follows from the lemma 2. □ 
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Definition: By the reduced motivic Poincare series from now on we mean 

n 

P g (t u ...,<„) = p 9 (^ ...,t n )-l[(l- tjq). 

3=1 

To any divisor E$ we associate the factor 

<f>i(I,K,h) = Pl- x (E?)-fi(K,I),ni-fi(K,I), 

and let 



,n . 



G(K,I,h)=qWO.-q)W + W]lMl,K, 
Lemma 4 
J2 u h G(K, I, h) = q\\\ - g)' 1 '^' \l y^(l - rnqf-xW-MM (20) 

Proof. We have 



u'/ {KJ) 



j h=j+fi(K,I) \ J J 

1 — m t-r 1 \ j J \ — u 



j 
and 



fi{K,I) 



Y,n h G{KJ,h)=q\ I \{l-q)\ I \ + \ K \\{^^{l-u l qf 



-x(E°)-fi{I,K) 



D 
Definition: Let 



I KiCK 

a k{u) =^2u n c K {n). 
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Lemma 5 

A K {u) = (-1)1*1 J^(l- w . g )l^^|-i (1 _ w .)^n^|-i JJ(l- gUiW - (Z « J . w + g « iW « J . w ) 

i ct 

Proof. 

A^(«)=x;(z |/| (i-?) |/ T(-i) w -^ | a-?) |,fi| Eti»n0 i (/, J ff 1 ,n). 



1 "Mi 



We have 

5]« B JJ^(/, J Fr 1 ,n) = IJ 

Now 

KuC(KnEi) % 

1 Mj 

y^(_l)l^n£,hl^l(i _ g )l^l M l^l-l^ n ^l(i .^lA-nSil-IKul = 
/*(*,!)/, _, l . / ,\l-x(B?)-A(^,/)/i _ „_ J - u iQ\\KnEi\ _ 



- U M^(1- Ui g)l-X(^)-A(^/)(1 



1 - Uj ' ' Mi 

^_(_l)l^n^l M /,(^/)-|^n^| (1 _ w . g )i-x(^)-/ i( K,7) (1 _ w .)l*n^_ 

Remark that fi(K,I) - \K n Ei\ = fi(I) and 

*(£?) + fi(K, I) = X {E') - \K n ^| + |K n £<| + /,(/), 

so the last expression can be rewritten in a form 

(_1)I*™M U P>(1 - Ui g)i-x(s;)+l^nB i |-/ i (J) (1 _ w .)l^|-i_ 

Also 

Xya-?) 1 " n«f (/) (l-^)" /l(/) = II( 1+ 9( 1 -«) u *W t4 iw( 1 - u *W«)" 1 ( 1 - t4 iW9)" 1 ) 

7 i a 

Y[(l - Uiq) x{E '^~ 2 J^[(l - qu i{a) - qu j{a) + qu i{a) u j{a) ). 
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Therefore 

A K {u) = (-l)W ;Q(1 - u^-xWJ+l*^! - n,)!*^!- 1 



x 



X 



]^[(1 - Uiq)*^ 2 ]J(1 - gw i((r ) - git i((T) + qu i(a) u j{a) ) 

i a 



(-f^i-iwi^i-tti^nii-^i-w+^w))' 

i it 

D 

Lemma 6 

P g = ^^YW-E^ iif ^l Cic(n ). (21) 



A' 



Proof. From the equation ( TT91) we get 

P,(ti, • • • , t r , q) = J2 E ^"^ II ^^-xm-Mi^-Mi^iq) 

IClo,KcK hi>fi(I,K) »=1 



:g m (1 _ g) i/i + i*ijj_ 



<?£* 



<?**; 



g4 



^ ^ *«v (ft) n«"* i ^( i '^ fi ) x ff m ( i -9) |/i+i,ri iiiz . 

I<Zl ,KcKohi>fi(I,K) i=l k£K $ k 

W n ( ]_ rt A Y^"^w x| E E (-i) IWi| G(^,/,n) = 

_i_ ?tMVW - E ^ W ,^ (ft , 

D 

4.2 Cancellations 

Lemma 6 together with lemma 5 gives the concrete description of P g (t): it 
is expressed in terms of some quantities cr-(ti), which fits into the generating 
function Ak(u), which has a compact form. Nevertheless, as in the model 
example with a nonsingular curve, lots of summands in the sum (J21I) have 
the same power in t, and for n large enough we have a huge number of 
cancellations. 
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We say that a subset K C K Q is proper everywhere, if for alH P fl Ei is a 
proper subset of P H Pj. We denote the set of proper everywhere subsets by 
V. For any K C Po let E(K) be the set of divisors such that for i e E(K) 
the set if fl P» is empty. Sometimes we'll write % e P, if i ^ E(P). 

Using these notations, every subset P C Po can be presented (uniquely) 
in the following way: we fix a proper everywhere subset P(K) and a set of 
divisors P C P(P(P)) where all intersection points with P belong to P. 

For a set E of divisors let A(P) be the number of pairs of intersecting 
divisors from E. Let fii{E) = 1, if % e P and f^i(E) = otherwise. 

Lemma 7 For a proper everywhere set P let 

h P ( U1 ,..., Us )= Yi (-i) |jf ° nBi n«r Eatfw -9 A(B) ii(9-«*) fci " 1 n a-^ 1 - 1 

ECE(P) i&E i(£(PUE) 

(22) 
x]](l- g 1 -^)^^) - g 1 "^"^)^^-^) + g 1_ ^ (CT)(E) ~^' (CT)(E) Uj( ff )Uj(<r)). 

TTien t/ie polynomial H P is divisible by YlieE(P)(^ ~~ M *)- 

Proof. We have to prove that Hp = at Up = 1 for j3 G E(P). Suppose that 
Ep is intersected by E ai , . . . , P afe . For every set P of divisors not containing 
Ep let us compare the summands corresponding to E and to E U P^. 
For P at -u^ = 1 we have 

Y[ u -Z a ^(-l)\KonE\ q A(E)^ q _ u jk i -l( 1 _ q ^-l "Q {l _ qu . ) k i -l 

i^P i&E ig(PuE) 

For P U Pi at M/3 = 1 we have 

n^n^ Ea ^ i (- i ) fe,3+ii " onBi ? A(Eu£i) (?-i) fe/3 ~ i n(?-^) fei - 1 n a-^- 1 

a^Eji j=l 

It rests to note that A(P U P^) - A(P) = £* ^(P)- □ 
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Lemma 8 

XX X q- Ei ^ ni - A ( E) -^e*u-\m q \KonE\ x CpvjE{jli + ^2a ijf jL j {E)) = 

n ECE(P) 

("1) |P| n^ 1 - ^-^(l - u^- 1 ] ■ = \ -H P (u u ..., u s ). 

iap iUeE{P)V l u i> 

Proof. 

^«" X g- E "« n - A(E) ^"« a " HB| ^ tinB| x c m (n, + ^a #] (E)) = 

n EcE(P) 

y^ TT M -E« y Ci(E) . g £ay W (£) W (£) . q -A(E)-Y. ieI au + \K nE\-\E\ 
ECE(P) 

xEn^" ,(i?) ) ni, - c ^K)= 

n\ i 

X l[u;^ a ^ (E) ■ A PuE (u t q-^)q A ^ K » nE \-W = 

ECE(P) 

(_i)i^i j2 n^ Ea " w(E) -(- i ) i ^ on£i ? A(£;)+iKonEi " iBi n[( i -^)" i ( i - w ^" i ) fei " 1 ] 

ECE(P) i€E 

xjj[(i-9«i)*'" w " 1 (i-«i) w - 1 ] n [(i-^^a-^) -1 ] 

11(1 - C^-^^V) - ? 1_A4i(ff)(B) «j(«r) + ^^^'^V)^)) = 

(T 

(-i) |p| n^ 1 - ^) fci_pi_i ( i - u-^- 11 — - — 



X 



- e p rii eE (P)(i-«i) 

x j2 (-i) | ^^ | -n«r EatfW(JS) -9 A(B) II(9- t **) fc '" 1 II( 1 -9 u *)*'" 1 

ECE(P) i£E i£E 

a 
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Theorem 3 For a proper everywhere set P define the numbers dp(n) by the 
equation 

Hp{u) = > dp(n)u dp{n) = — H P (u u ...,u„ 

(23) 
Then 

P 9 (t 1? ...,t r ) = ^(-l)'Vtp x J2Mn)t Mn q F{n) '^- 

PGP n 

Proof. From lemma 6 we have 

P{t) = J2t Mni q F ^~^ ni J2 IkQ^WM = 

PGP ni EcE(P) 

Let us collect the coefficient at t Mn . We have 

Mrii + y^ p^j{E) = Mn, n\ — n + \^ Qij^jiE)- 
and 

(F(n) -^rii) - (F(m) - ^n u ) = -[-2 ^m^n^/^^) 

- S ^2mi j a is ^ s (E)a j i^i(E) - S ^2m ij x{E*)a js ^ s (E) + ^a ij fj, j (E)]. 
Remark that 

so we get 

(F(n) -J2 n ^~ (^( ni ) -J2 nii "> = J2 ni + A ( E ) + J2 a ™ + i^i- 

i£E ieE 

Thus 

PGP n EcE(P) 



:q lKonEl cp uE (n + J2^Vj(E)). 



Now we apply lemma 8. 

□ 

Corollary 1 The power series P g (ti, . . . , t r ) is a polynomial. 
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4.3 The algorithm 

If every line Ei is intersected by the one component of the strict transform, 
any proper everywhere set should be empty. Therefore we get the following 
statement. 

Lemma 9 Suppose that each divisor Ei is intersected by exactly one compo- 
nent of the strict transform of the curve. Then the reduced motivic Poincare 
series can be computed using the following algorithm. 

1. Consider the polynomial 

A(ui, ...,U r ) = JJ(1 - qUi( a ) - qUj( ff ) + qUi( a )Uj (<?)). 

(J 

2. Consider the Laurent polynomial 

H( Ul ,...,u t ) = J2 (-l)"V (i °IK Baim -A(uiq-^ K \...,u r q-^). 

KcKo 

3. This polynomial is divisible by n(l — u i)- Let 

H(ui,...,Ur) 

H(u u ...,u r )= -. 

[[ i=1 {l-Ui) 

4- Expand this polynomial: 

H(ui,...,U r ) = ^ dnU~, 



and now 



p 9 (t 1 ,...,t r ) = ^^t M V ( ^ E " 1 . 
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5 Examples 

5.1 One divisor 

We consider the singularity 

which is geometrically a union of ko pairwise transversal lines. Its minimal 
resolution has one divisor and ko components of the strict transform inter- 
secting it. For < k < ko let the numbers c k {n) be defined by the equation 

00 

A k (u) = 5>%(n) = (l-uq) k0 - k - 1 (l-u) k - 1 , 

n=0 

and for k = let the numbers co(n) be defined by the equation 

(1 - uq) k °- 1 - u{u - q) ko ~ l 



\x 



Ao{u) = ^2u n Co{n) 



n=0 



1-U 



The polynomials A k {u) has degree ko — 2 for k > 0, A (u) has degree k — 1, 
so we have a finite number of non-zero c k (n). 
From the Theorem 3 we conclude that 



n(n + l) 
2 



P g (t 1 ,...,t ko )= J2 (-l)'V'^I> W (n)(*i...O> 

For example, if ko — 2, 

. / s . / s 1 — uq — u(u — q) 

A 1 {u) = 1, A (u) = \ ^ ^ = 1 + u, 

1 — u 

so 

P g (ti,t 2 ) =l-qti- qt 2 + qtit 2 . 

If k = 3, 

Ai(u) = 1 - qu, A 2 (u) = 1 - u, A (u) = 1 + (1 - 2q - q 2 )u + u 2 , 
so 
P 9 (ti,t 2 , t 3 ) = 1 - g(£i + 1 2 + t 3 ) + q 2 (ht 2 + tit 3 + Ms) +q(l-2q- q 2 )t 1 t 2 t 3 + 

g 3 tit 2 t 3 (ti + 1 2 + 1 3 ) - q%t 2 h{ht 2 + tit 3 + hh) + g 3 £?£ 2 £ 3 . 

This answer can be rewritten as 

i 5 s (ti,t 2 ,t 2 ) = (l-gt 1 )(l-gt 2 )(l-gt 3 )-g 3 t 1 t 2 t3(l-ti)(l-t 2 )(l-t 3 )+g(l-g) 2 t 1 t 2 t3 
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5.2 Two divisors 

Suppose that the second divisor is intersected by two components of the 
strict transform, and the first one by one component. This corresponds to 
the singularity 

x • (y — x 2 ) • (y + x 2 ) = 0. 

The matrix M is equal to 

'l 1 



.1/ - . , 2 , 

X {E\) = X (E' 2 ) = 1, 

SO 

F(n 1: n 2 ) = -{n\ + 2n x n 2 + 2n\ + 2n x + 3n 2 ). 
If P = 0, we get 

Hii(u 1 ,u 2 ) = (l-qui-qu2+quiU2)(l-qu 2 )-(l-Ui-qu 2 +UiU2)(l-qu 2 )ulu2 1 
+ (1 -qui - u 2 + u 1 u 2 )(q - u 2 )u^ l u 2 — q(l — Ui — u 2 -\-q~ l UiU 2 )(l — qu 2 )ui = 
[1 - wi)(l - u 2 )(-u\ + u x u 2 + u\u 2 - qu\u 2 - q 2 u\u 2 + qu\u 2 



UiU 2 

, 2 , 2 2 2 2,22 3\ 

+qu 2 + M1M2 — qu\U 2 — q u\u 2 + u 1 u 2 — u 2 ), 
if P is one point on the second divisor, we get 

H pt (u l7 u 2 ) = (1 - qu ± - qu 2 + qu x u 2 ) - (1 - u x - qu 2 + u 2 )u\u 2 l = 

I 

(1 - Wi)(wi — U2 — M1M2 + quiu 2 - u\u 2 + qui). 

u 2 

Finally we get the following answer (to corresponds to the first divisor): 

Pg(to, h, t 2 ) = l-qto-qti+qHoti-qh+qHoh+qh^+qtotih-qHohh-qhot^ 

-q 2 t t\t 2 + qH tjt 2 - qHohtl + q%ht 2 2 + g 2 *o*M - i^t\t\ - q\t\t\ + qHlt 2 t 2 2 

+q\t\t 2 2 - qHlt\t\ + q\t\tl - qH 2 t\tl - q\t\t z 2 + q 4 t 2 tlt 3 2 . 
This answer can be rewritten as 

P 9 (t , h,t 2 ) = (1 - qt )(l - gti)(l - gt 2 ) - g%t^(i _ £ )(i _ tl )(l - * 2 ) 

+ (1 - q)qt t 1 t 2 (l - qh - qt 2 + qt ± t 2 ). 
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If q — 1, we get the known Alexander polynomial: 

T 9 (to,t 1 ,t 2 ;q=l) = (l-t )(l-t 1 )(l-t 2 )(l-t tjtj). 

If t 2 — 1) we get the known answer for A\ singularity: 

P g (t , h, 1) = (1 - q){\ - qt - qh + qt h). 

If to — 1 , we get the answer for A 3 singularity: 

P g (l, h, t 2 ) = (1 - q)(l - qh - qt 2 + qhh + q%t 2 - q 2 t\t 2 - q 2 t x t\ + q 2 t\t 2 2 ), 

so 

P^(h,t 2 ) = (1 " ^i)(l - Qt 2 ) + qhhil - qt, - qt 2 + qhh) = 

(1 - qh)(l - qt 2 ) + g 2 tit 2 (l - ti)(l - t 2 ) + (1 - g)gtit 2 - 

This answer coincide with the general answer for the singularities of type 
A 2n _ 1 in the section 7.5. 

5.3 Three divisors 

For simplicity we assume that each divisor is intersected by one component 
of the strict transform. This corresponds to the singularity 

x ■ y ■ (x 2 — y 3 ) = 0. 

Matrix M is equal to 

/l 1 2 N 

M= 1 2 3 

\2 3 6, 

x (E' 1 )=x(E' 2 ) = l,x(E' 3 )=0, 

so 

F(ni,n 2 ,n 2 ) = -(n\ + 2n\ + Qn\ + 2nin 2 + 4nin 3 + 6n 2 n 3 + n x + 2n 2 + 4n 3 ). 
Now 

i4(iii,u 2 ,«3) = (1 -9^1 -gw 3 + gwiw 3 )(l -qu 2 -qu 3 + qu 2 u 3 ), 

so 

E(u l ,u 2 ,u 3 ) = ^(u 2 3 u z ui-ui z u z 2 q + ui'uzu 2 -u 1 2 u 2 2 u z 2 -u 2 2 u 3 2 u 1 + 



U\U 2 u\ 
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u 1 4 u 2 3 u 3 - u 3 3 ui 2 q - u 1 3 u 2 u 3 2 + u 1 3 u 2 3 u 3 + u 1 2 u 2 3 u 3 - u 3 3 qu 2 - 

u 3 u 2 u 3 - u 3 u x q - u 2 u 3 q - u 2 u 2 u 2 - u 3 u x u 2 + u 2 2 Ui 4 u 3 - u x 3 u 2 3 qu 3 + 

u 2 u 3 u 2 q - Ui A u 3 u 2 2 q - U\ A u 3 u 2 q - u 2 u 3 U\q - u 2 u 3 u 2 q + u 3 3 Uiq 2 u 2 + 

u 2 u 3 U\q 2 + u 3 u 2 u 3 q 2 + u 3 u 3 u 2 q 2 - U\ A u 2 + Ui 2 u 3 3 + u 3 3 ui + u 3 2 u 2 u 2 q+ 

m 3 u 3 3 + u 3 3 u 2 2 + u 3 3 u 2 + u 3 3 - w 3 4 ), 
and 

P g (h,t 2 , t 3 ) = l-t 3 q+t l 2 t 2 3 t 3 \ 7 +t 1 2 t 2 2 t 3 5 q 5 +t 1 t 2 t 3 3 q 3 +t 1 t 2 2 t 3 Y-ti%% 7 q 7 + 
t 2 hq 2 ~ ht 2 t 3 3 q 2 + ht 2 q 2 - t&W - *i Vt 3 V - ht 2 2 t 3 2 q 2 - £iVi 3 5 g 5 - 

y 3 - 3 - 7 „7 - 3 - 4 . d n 7 ,-2,3- 5 _4 , - 2 f 2, 43 , y 2, 2 f 3^4 - 2 - 2 - 3 n 3 , 

n l-2 H Q — n ?>2 H 1 + l i l 2 £3 Q + h £2 £3 Q + n £2 £3 9 — J i J 2 £3 9 + 

y 2 f 3y 4 5 1 y 2y 4y 6 7 _|_ y y 2y 2 3 y 2y 3y 6^7 y 2y 2y 4 5 y y 2y 3„4 

n T-2 H q + h ^2 t 3 g + t!t 2 t 3 g — t\ t 2 t 3 q — ti t 2 t 3 q — iii 2 t 3 q — 
tit 2 t 3 q 3 + t x t 2 2 t 3 3 q 2 - t 2 q + t x t 3 q 2 - £i£ 2 £ 3 2 g 2 + t x 3 t 2 % 7 q 7 + 
tit 2 t 3 2 q - tig - £i 2 £ 2 3 £ 3 4 g 4 + £i 3 t 2 3 £ 3 6 g 7 . 
It can be rewritten as 

^(ti,t 2 ,t 3 ) = (l-t 1 g)(l-t 2 g)(l-t 3 g)-t 1 Vt 3 6 g 7 (l-^i)(l-^)(l-t 3 )- 

tit 2 t 2 3 q(q - 1)(1 - t 2 g)(l " ^3?) - t 2 t 2 t 4 g 4 (g - 1)(1 - t 2 )(l - t 3 )- 

M 2 ^g 2 (g - l)(l - hq) + ht 2 2 t\^{q - l)(l - h). 

In this presentation the symmetry of P g is clear, since every line in the 
right hand side is invariant under the change ti <-> q 1 ^ 1 - 
If we set q = 1, we get 

P g (t u t 2 , t 3 , q = 1) = (1 - t\t\tl){\ - ix)(l - t 2 )(l - t 3 ). 

If we consider only singularity of type A 2 , we set t± — t 2 — 1, t 3 — t, and 

P 9 (l,l,t) = (l-g) 2 (l-tg + t 2 g), 

so 

^ fc=2 
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6 Symmetry and functional equations 

6.1 Symmetry of the motivic Poincare series 
Lemma 10 

niii am . J.J. ' 



QUi qu s : 



Proof. 



A K {-) = (-i)WTT(i-I)l^ i |-i ( i_J_ ) l^ i |-iTT (1 _J L+ \ ) : 

qu - L .- L Ui Uiq *■* Ui( a) u jly(T ) qu^Uj^ 

Ak{u) Y[ u )-^ E M~ mEA ^ KnH U^wm)- 1 = 

i a 

A^{u)q s -\ K \-^\{u^ nE ^ {E ' ) -\ 
It rests to note that \I \ = s - 1 and x( E !) = x( E i) ~ \ K o H £*|. D 

Lemma 11 

Cjf (m, . . ■ , n s ) = q'-^Cxi-xiEl) - n 1} . . . , - X (E° S ) - n s ), 
where n = J2t=i n « ■ 
Proof. 

A K (—, ...,—)= E c ^' " " " ' n.)«" n ?" B = ? lHi " II ^ E ^' " " " ' ^ 
o-ui qu s ^-^ - LJ - ^^ 

n z 

We have 

«i + X( E °) = -rit, Zi = -x( E °) - rii. 

D 

Theorem 4 Let /i a fre £/ie Milnor number of C a , and (C Q o C^) zs £/ie m- 
tersection index of C a o Op, fi(C) is the Milnor number of C . Let l a = 
»<* + E^«(C« ° Cp) and 5(C) = (pt(C) + r - l)/2. Then 

P 9 (^-i...,h = q- s{c) X[r a l «-T g (t ll ... 1 t r ). 

qi\ qt r ■"■ 
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Proof. Let hi = \K D Ei\. From lemma 6 we get 

qt\ qt r — ^^ 



K 



t -l-M X {E )^ t M{ X {E°)-n) q-^rnijkinj q F{n)~Y:ni 
n 

xE^^r^-X^-n,), (24) 

if 

Let 

6 = -x(E°), ai=i-a- 

Then 

F ( n ) ~ 53 n * = oE^"^ + 5Z m ^ niX ^i) _ 5Z n *]' 

so 

2[F(m) - ^ n M - F(n) + J^^l = 

53 m *i(& ~ n i)fe' ~ n i) + ^2 m ij(& - n i)x(E]) - 53 (& ~ 

- 53 mijUiUj - 5^ mijnix{E]) + 5Z n * = 

-2 53 my (6 + x(3?))n,- + 2 53 n, + 2(F(£) - £ fc) = 

-2 53 mijhrij + 2 53 n,- + 2(F(£) - 53 &)■ 
Thus ( |24|) is equal to 



11; 



K 



To conclude we have to compute the power of t a and of q. 
Remark that Y1& = l-^-ol ~ 2, so J^£j + 1 — \K Q \ = —1. 
Also 

2F(o = 53™^% - 2 53m iJ -fc iX (^;) + E^-^m^h 
53 rmMi^) - E m t , X (E!)x(E-) + 53 & = 

^rriijkikj -J^mjjkiXJEj) + l-^ol - 2 - 
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The formula of A'Campo ([!]) says that 

1 - fi = ^mx{S m ) = Y^ x(E°)mijkj = ^m ii (x(E;) - h)k h 

so 

2F(f) = fx-l + \K \-2 = 25-2. 

Thus -F(f) - 1 = -S. 
Also for every a one has 

1 - A*« = Yl rn i{a)j x(E') + m i{a)Aa) (x(E' {a) ) - 1), 
and for /? ^ a 

so _ 

2 , C« ° C/3 = 2^ m i(a),jkj + mjfa)^) (&i( a ) — 1) 

and 

1 - /x a - C a o Cg = ^ rrii^jxiEj)- 

j 

a 

Corollary 2 T/ie degree of the polynomial P g (t\, ■ ■ ■ , t r ) with respect to the 
variable ti is equal to l{. The greatest monomial in it equals to q 5 ^ Y[ i= \ £/■ 

6.2 Analogue of the Kapranov's functional equation 

Let C be a genus g curve, 



(c(t) = J2 fl [S n C]. 



n=0 

In [TU] M. Kapranov proved that Cc{t) is rational and satisfies the following 
functional equation: 

For example, for C = P 1 one has 

C P i(t) 



(1-£)(1-L£)' 
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and the equation can be verified directly. 

Kapranov's proof is based on the Serre's duality, so it is important that 
the curve is closed. Nevertheless, there exists an analogue of this equation for 
punctured curves, generalizing lemma 10. Since it follows directly from the 
Kapranov's formula, the idea of this section is to write explicitly the function 
this equation can be applied to. 

Let C° denote the curve C without k points, and K C K . Consider the 
following generating function: 

oo 

F C o(K,t)= J2 $^(-l) fcl (L-l) fcl t n [5 n - fcl (C°UKi)]. 

KiCK n=k\ 



Proposition. 



F C o(K, -L) = t 2 - 2 v- k »l}-v- k F C o(K,t). (25) 



Proof. First, note that 

oo 

Y,t n [S n C°] = (l-t) k °( c (t), 

n=0 

SO 

oo 

j2 t n [s n - kl (C° U Id)] = t kl (i - t) k °- kl (cit). 

n=k\ 

Therefore 

F c »(K,t) = Yl (-l) fel (L - l) fcl t fcl (l - t) k ~ kl ■ (1 - t) k °- k ( c (t) = 

K X C_K 

(1 - t - (L - l)t) k ■ (1 - t) k "~ k ( c {t) = (1 - Lt) fc (l - t) k °- k ( c {t)- 
Now 

F co (K, -L) = (1 - t-^-'il - (U)" 1 )*Co(^) = e-*°-'»L 1 -'- k Fco(K,t). 

D 
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7 Relation to the Heegard-Floer knot homolo- 
gies 

7.1 Heegard-Floer homologies 

In the series of articles (e.g. [IE ] . [17]. [18]. [20 ] . see also [21] ) P. Ozsvath and 
Z. Szabo constructed new powerful knot invariants, Heegard-Floer knot (and 
link) homologies. To each link L = \J i=x Ki they assign the collection of 

homology groups HFLd(L,h), where d is an integer and h belongs to some 
r-dimensional lattice. Their original description was based on the construc- 
tions from the symplectic topology, later ([H],[I2]) there were elaborated 
combinatorial models for them. All of these homologies are invariants of the 
link L, and they have the following properties ([17]. |12j). 

First, they give a "categorification" of the Alexander polynomial of L: if 
r = 1, then 

J2x(HFL*(L,h))t h = A s (t), 

h 

where A s (t) = £~ dcgA / 2 A(£) is a symmetrized Alexander polynomial of L. If 
r > 1, then 

r 

Y.xiHFL^h^t^Hity 2 -^ 2 )-^^,...^). 

h i=l 

Second, they have the symmetry extending the symmetry of the Alexan- 
der polynomial: 

HFL d (L, h) - HFL d _ 2H (L, -h), 

where H = Y7i=i hi- _ 

These properties are similar to the ones of the polynomials P g {t), so one 

could be interested in comparison of these objects. It turns out, that for knots 

(of course, P g {t) is defined only for the algebraic ones) this comparison can 

be done. 

In [20] for the relatively large class of knots, containing all algebraic knots, 

the following statement was proved. 

Theorem 5 ([20]) Let the symmetrized Alexander polynomial has the form 

k 

A s (t) = (-i) fc + ^(-l^r* + r n >) 
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for some integers < U\ < n 2 < . . . < n^. Let n_j = —rij,n = 0. For 
—k<i<k let us introduce the numbers Si by the formula 

0, if i—k 

$i — { Si+i — 2(ni+i — n,;) + 1, if k-i is odd 

b~ i+ i — 1, if k-i> is even. 

Then HFL(K, j) = 0, if j does not coincide with any rii, and HFL(K, rij) - 
Z belongs to the homological grading Si . 

7.2 Matching the answers 

Consider the Poincare polynomial for the Heegard-Floer homologies: 

HFL(t,u) = ^ u d t s dim HF~L djS (K). 

It categorifies the Alexander polynomial in the sense that 

HFL(t,-l) =r dcgA/2 A(t). 

Remark that the coefficients in P g (t,q) are always equal to or to ±1. 
It can be proved from the equation (fl5l) . 



Theorem 6 Take P g (t,q) and let us make a following change in it: t a q@ 
is transformed to t a u~ 213 , and —t a q@ is transformed to t°~u x ~ 2 ^ . We get a 
polynomial A g (t, u) . Then 

A g (t- 1 ,u)=r dcgA/2 HFL(t,u). (26) 

Example. For (3, 5) torus knot we have 

P g {t, q) = l + qt 3 + q 2 t 5 + q 3 t 6 + -^-, 

1 — qt 

P g (t, q) = l-qt + qt 3 - g 2 t 4 + q 2 t 5 - qH 7 + g 4 t 8 , 
Kg(t,q) = l + u~H + u~ 2 t 3 + u~ 3 t 4 + u'H 5 + u' 7 t 7 + u~ 8 t 8 , 
and 

HFL(t, u)=t A + u~H 3 + u~ 2 t + u'H + u'H" 1 + u - 7 r 3 + u~ 8 r 4 . 
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Proof. To prove (I2U1) we match Theorem 5 with the equation ffTol) . 

In the notation of Theorem 5 the non-symmetrized Alexander polynomial 
equals to 



2k 



^ = \ "* ( _]\k-ijMk-m _ \ ^ f_]\ij-nj,-nj,-i 



i=0 



fc-1 n k -n fc _2i_i-] 2 



y ' i-t ^ ^ i-t 

i=0 j=n k -n k _ 2i 

Note that for i > 

<5fc-2i = (5fc_2j+l — 1 = 0fc_2(»— 1) — 2(nfc_2i+2 — Tlk-2i+l), 

SO 



fc-1 rifc-n fc _2i_i-l 



j2n k qn k 



Pg ^ q ) = J2 J2 q U-n k +n k - 2i )-S k - 2i /2 t J + <_ 

i=0 j=n h -n h _2i 

fc-1 
~P (t a) — \ ^(' _<5 fe-2i/ 2 ^™fe-™fe-2i _ „-5 fc -2i-i/2^nfc-nfc_2i-i N ) , +2n k n k 

j=0 

Now 

fc-i 

A ff (t,«) = ^( M **-«t n *- n *-2* + w *k-M-l t »fc-»k-M-l) +t 2n fcu -2n fcj 
8=0 

fc-1 fc 

i n *A fl (f"\u) = 5^(u**-»* n *-»+g**-»- 1 * n *-»- 1 )+t 2n *u- 2ri * = J^ uV* = #FL(£, 

j=0 i=—k 

a 



7.3 Relative Spin structures 

In this paragraph we recall the notion of the relative Spin structure from 
[TT] . based on the construction of V. Turaev Q22J). 

Let Y be a closed, oriented three-manifold. We say that two nowhere 
vanishing vector fields v and v' are homologous, if there is a ball B <zY such 
that v and v' are homotopic (through nowhere vanishing vector fields) on the 
complement of B. The set of equivalence classes of such vector fields can be 
naturally identified with the space Spin°(Y) of Spin structures over Y. In 
particular it is an affine space for H 2 (Y, Z). 
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This notion has a straightforward generalization to the case of three- 
manifolds with toroidal boundary. Let (M, dM) be a three-manifold with 
boundary consisting of a disjoint union of tori TiU. . .UT r . The tangent bundle 
to torus has a canonical nowhere vanishing vector field, which is unique up to 
homotopy (through nowhere vanishing vector fields). Consider now nowhere 
vanishing vector fields on Y whose restrictions to the components of dM are 
identified with the canonical nowhere vanishing vector field on the boundary 
tori (in particular, it is tangent to them). We call two such fields v and v' 
homologous, if there is a ball B C M \ dM such that the restriction of v 
and v' to M \ B are homotopic. The set of homology classes of such vector 
fields is called the set of relative Spin c structures, and it is an affine space 
for H 2 (M, dM; Z). This set is denoted as Spin c (M, dM). 

If v is an admissible nowhere vanishing vector field, we can consider the 
oriented two-plane field v of orthogonal complements to vectors of v. Along 
dM, it has a canonical trivialisation by outward pointing vectors. Hence, 
there is a well-defined notion of a relative Chern class of this plane field 
relative to its trivialization, thought as an element of H 2 (M,dM;I*). This 
gives a well-defined map 

ci : Spin c (M, dM) -> H 2 (M, dM; Z). 

In our case we have M is a complement to the tubular neighborhood 
of the link L in the sphere S 3 , and H 2 (M,dM;Z) = U . We'll denote 
Spin c (S 3 , L) := Spin c (M,dM). We may think of this set as generated by 
the nowhere vanishing vector fields having the components of L as closed 
orbits (with the corresponding orientation). One can also define the "filling 
map" 

G kl : Spin c (S 3 , L) -> Spin c (S 3 , L - K x ) 

defined by the natural continuation of vector fields to the tubular neighbor- 
hood of K\. 

Now the algebraic structure of the Heegard-Floer homologies can be de- 
scribed in the following way (|17j). Consider the ring 

R = Z[U u ...,U r }. 

For every r-component link L there exists a Spin c (S 3 , L)-filtered chain com- 
plex CFL~(S 3 , L) of -R-modules, whose filtered homotopy type is an invari- 
ant of the link L. The operators t/j lowers the homological grading by 2 and 
the filtration level by 1. The homologies of the associated graded object are 
denoted as HFL~(S 3 ,L). If one sets U\ — U2 — ■ ■ ■ — U r — 0, he gets a 
new Spin c (S 3 , L)-filtered chain complex of Z-modules, which will be denoted 
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as CFL(L). The homologies of the associated graded object are denoted as 
HFL(L), and they are the homologies discussed above. 

The filtration on the second complex is compatible with the forgetting of 
components (proposition 7.1 in [T7j). Namely, let M be the two-dimensional 
graded vector space with one generator in grading and one in grading -1. 

Proposition. Let L be an oriented, r-component link in S 3 and distin- 
guish the first component K\. Consider the complex CFL(L) viewed as a 
Spin c (S 3 , L — Ki) filtered chain complex via the filling map Gk 1 - The filtered 

homotopy type of this complex is identified with CFL(L — Ki) ® M. 
If we forget all components of L, we get either the complex 

C>(S 3 ) <g> M r ~\ 

where CF(S 3 ) has one-dimensional homologies in grading or 

CF-{S 3 ) = Z[U], 

where all U{ acts by the multiplication by U. 

This proposition is a direct analogue to the equation flSJ). 

For the relatively large class of knots there was proved in [20], that 

rk H^CFL-^/U^CFL-i.K))) = 1. 

This follows from the fact that these homologies equals to the Floer homolo- 
gies of manifold S 3 (K), obtained from S 3 by the n/1 Dehn surgery along the 
knot K for n large enough. The class of knots is specified by the condition 
that S 3 (K) is a homology sphere with one-dimensional Floer homologies. Al- 
gebraic knots belong to this class, since the tree of resolution of a plane curve 
singularity gives a plumbing construction for S 3 (K), and its Floer homologies 
can be computed using results of 



7.4 Comparing filtered complexes 

In this section we try to describe the relation between the knot filtration 
on the Heegard-Floer complexes and the filtration on the space of functions 
defined by a curve. 

To be more close to the algebraic setup, we reverse all signs for nitrations 
and for the homological (Maslov) grading as well (so we get cohomologies) . 
The Alexander grading is also changed to get the non-symmetrized Alexan- 
der polynomial. In another words, the Poincare polynomial of the result 
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cohomologies coincides with A g (t, -u -1 ). The operator U will now increase 
the homological grading by 2. 

Consider a Z>o-indexed filtration J n by vector subspaces (with finite codi- 
mensions) on a infinite-dimensional complex vector space Jo. It induces a 
filtration by projective subspaces PJ„ on PJ = CP°°: 

PJ ^ PJi ^ PJ 2 ^ • • • , 
so we have a sequence of corresponding Gysin maps in cohomologies: 
H*(FJ ) *<— >* ^j*- 2C °dimjip j ^* ^-*-2-codimj 2 p j ^ 3 \* 

Of course, to be correct, one should consider only "N-jets" of these maps, 
i.e. consider Ji/ Jn, where N is large enough. 
Therefore we get a Z>o-indexed filtration 

F k = (j k )*(H*(FJ k )) 

in H*(CF°°) = 1i[U], which is compatible with the multiplication by U. If 
we also know (as for the filtration defined by the orders on the curve), that 
dim Jk/Jk+i < 1, we conclude that U increase the filtration level at least by 
1. 

The motivic Poincare series in this setup can be written as 

P g (t,q) = ^TtV /2 dim H n (F k /F k+l ). 

k,n 

The situation is very close to the Heegard-Floer complexes, but U may 
increase the filtration level more that by 1. To avoid this problem, we should 
modify the complex. 

Example. Consider the following filtered complex T: it has generators 
U k a , U k ai and U k a 2 . The homological degree of U l a>j equals to 2/ + j and 
its filtration level equals to I + j. One can check that 

J2 t k u n dim H n (T k /T k+1 ) = 1 + uH 2 + uH 4 + ... 

k.n 

(so this complex corresponds to the trefoil knot) and rkH*(T k /UT k ) = 1 for 
all k. Remark that if T k = T k /UT k _i, then 

Y^t k u n dim H n (T k /T k+1 ) = 1+ut + uH 2 , 



k.n 
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what is the Poincare polynomial for the Heegard-Floer homologies of the 
trefoil. 

Let us turn to the general case. Consider the complex 

C = F [U 1 ] + (F [1])[U 1 ] (27) 

with the filtration 

Cn= U[F k ® U[F k [l] 

k+l=n k+l=n—l 

and the natural action of the operator U\ of homological degree 2. The 
differential is given by the equation 

d(x) — U\ ■ x + Ux. 

One can check that this differential preserves the filtration C n and commutes 
with U\. 
Now 

C n /C n+1 = U{(F k /F k+1 ) © U[{F k /F k+l )[l\. 

k+l=n k+l=n—l 

Since the [/i-increasing component of the differential 

di(C/'|x[l]) = U[ +1 x 

gives the isomorphism 

dx : C/{(F fe /F fe+1 ) - I/{ +1 (F fc /F fc+1 ), 

we have 

H*(C n /C n+ i) = F n /F n+ i. 

Also we have 
C n M(C n ) = F ©F [l] */{(F fc /F fc+1 ) © [/<(F fe /F fe+1 )[l], 

fc+/=n,«>0 fe+/=n-l,/>0 

and up to the isomorphisms d\ we have the complex F © F [l] with the 
differential 

0?2(x[l]) = Ux, 

so 

rk H^Cn/U^Cn)) = 1. 
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The properties of the complex C are similar to the ones of the complex 
CFL~(K). More precisely, the calculations of [20] (lemma 3.1 and lemma 
3.2) implies the following 

Proposition. Suppose that a cochain complex C has a filtration Ck, k > 
and an injective operator U of homological degree 2 acting on it such that 

l)U(Ck) C Ck+i and U~ l (Ck) C Ck-\ (this means that U increase the 
level of filtration exactly by 1) 

2)H*{C k /U{C k )) has rank 1 for all k, 

then for all k the rank of H*(Ck/Ck+i) is at most 1. Let {0, <Ti, g%, . . .} is 
the set of k such that this rank is 1. Then 

3) H*(C Uk /C Uk+ i) belongs to degree 2k. 
Let 

oo 

Q(t, q) = J2 ^> Q& ?) = Q& ^X 1 ~ #)■ 

fc=0 

Let us make a following change in Q: t a q^ is transformed to t a u 213 , and —t a q^ 
is transformed to t Q u 2/3_1 . 

4) The result is equal to 



^£Vdimir(C fc /(C fe+1 + UCk-t)). 



k.n 



The last result can be reformulated as follows. Consider the complex 
Ck = Ck/UCk-i, then the last homologies are the homologies of the associated 
graded object Ck/Ck-i- The multiplication by 1 — qt corresponds to the exact 
sequence 

— > Ck-i/Ck —> Ck/Ck+i —* Ck/Ck+i —* 0. 

As a corollary we get that the series Q(t, 1) determines completely all 
discussed cohomologies. Since for the filtered complexes C and CFL~ we 
have Q(t, 1) = A(t)/(l — t) for both, we have the equality of the cohomologies 
of the associated graded objects and the more clear proof of the Theorem 6. 
For example, we get the equation 

H*{CFL-{S 3 )/CFLJ{S 3 , K)) =* H*(¥(0/J s )), (28) 

which looks clearer that the Theorem 6. 
Remarks. 

1. It would be interesting to construct the analogous Z n -filtered complex 
of Z[C/i, . . . , U n ] for multi-component links which would carry the information 
about the Poincare series of the corresponding multi-index filtration. 
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2. Since the order of the product of two functions on a curve is equal to 
the sum of their orders, the integers o"i, a 2 , . . . form a semigroup. This may 
lead to some conjectural multiplicative structure on the complex CFL~ . 
Unfortunately, it seems that it does not preserve the homological grading. 

3. It would be also interesting to compare these results with the ones of 
[13], [E] and [IS] computing the Seiberg-Witten and Heegard-Floer invari- 
ants of the surface links. 

7.5 Example: A<i n -\ singularities 

Since the algorithm of computation of the (reduced) motivic Poincare series 
is quite complicated, it is useful to have a series of answers where the motivic 
Poincare series and the link homologies can be computed. 
Proposition. Consider the singularity of type A 2n _\ given by the equation 

y 2 = x 2n - 

From the topological viewpoint this corresponds to the 2-component link, 
whose components are unknotted, all intersections are positive and the link- 
ing number of the components equals to n. Then 



P g (ti,t 2 ) = 1 + qht 2 + ... + q n -HTX + 



q n {\ - q)t1t% 
. -hq)(l -t 2 q)' 



Proof. For the proof we use the equation ([TBI . Parametrisations of the 
components are 

{x{t 1 ),y{t 1 )) = {t 1 ,t n 1 ), and (x{t 2 ),y{t 2 )) = {t 2 , -#), 

so 

r r .a,„.b\ _ ±a+bn a b\ _ ( -i\b + a+bn 

x V \d — £1 , x y \c 2 — {— -U h 
If a < n, then every function with order a on C\ has a form x a + . . ., so its 
order on C 2 is also equal to a. 

For every a,b > n consider the function x a ~ n (x n + y) + x b ~ n (x n — y). Its 
restrictions on C\ and C 2 are respectively equal to 2t\ and 2t 2 , therefore 

dim J a ,b/J a +i,b = dim J a ,b/J a ,b+i = L 

The codimensions h(vi, v 2 ) are equal to v\ + v 2 — n, if Vx,v 2 > n, to v 2 , if 
Vi < n,v 2 > n, to Vi, if v 2 < n, V\ > n, and to max(fi, v 2 ), if < V\, v 2 < n. 
We have 



Lf^(t u t 2 ,q)= J2 C*2 2 ? max( ^ 2) +(1+<Z) E *?*?9 

0<m&x(vi,V2);vain(vi,V2)<n v\,V2=n 
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v\+V2—n 
) 



hence 

Lf-Hii-lX^-l) = -l+(l-q)t x t 2 +. . .+(g^ 2 -g"- 1 )tr 1 tr 1 +g™- 1 (l-g+g 2 )^2 
, q n+ X + H n 2 {q - 1) + g" +1 t^ +1 (g-l) + g™i? +1 i" +1 (l + g)(l - qf 



l-qh l-qt 2 {1 - qt x )(l - qt 2 ) 

and 






P* 2 - 1 = -^ 7^ — - l+gtit 2 +. . .+g n - i tr 1 tr i 4 

D 
Corollary 3 

Pf - 1 (t 1 ,t 2 ) = [1 + (g + g 2 )txt 2 + . . . + (g"" 1 + g^r^ -1 + ffl (29) 

-(ti + t 2 )[g + gV 2 + • • • + gT" 1 ^" 1 ]- 

In [17] Ozsvath and Szabo computed the Heegard-Floer homologies of the 
corresponding links. In their notation the answer has the following form (ev- 
erywhere we write the Poincare polynomials of the corresponding complexes). 
Let 

yL (h,t 2 , u) = u d (t[ + t[-H 2 + . . . + 4) + u d -\t 1 ^ + ... + 4- 1 ), 



(d) 

T \d) 



B {d) (£1, t 2 , u) = u d + (ti + t 2 )u d+1 + u d+ %t 2 . 



Then 

n 
VJ?T (+ + „,\ _ v° ("/ 2 W 2 1 V 1 + n/2-l,n/2-l \^ R ,n/2-i,n/2-i 

i=2 

Since Y"£, = 1 and Y}^ = u~ x {ti + 1 2 ) + u~ 2 one can simplify this as 
HFL^^M.n) = f'hT + (u-'ih+t^ + u- 2 )^ 2 - 1 ^ 2 - 1 

n 

i=2 

t ^ t nl^ HFLMn ^ t -l^~^ u) = X + (u -l (ti + ta) + ^-2^) 
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SO 



+ Y^( u ~ 2i AA + (*i + t 2 )u- 2i+1 t\- 1 tir 1 + u - 2i+2 t\-% 



i=2 

i On,— 2+ ■_ | | r)„,— 2n+2_/.ra— l_/.ra— 1 , „,— 2n+n. 

'2 



[1 + 2u-\t 2 + ... + 2u- 2n+2 t n 1 - 1 t n 2 - 1 + u- 2n t n x t^ 

-(ti + t 2 )[ M - 1 + u -%t 2 + ...+ u-^Hr 1 ^ 



The last expression is similar to ( 1291) in analogy with the theorem 6. The 
author do not believe that there is a formal algorithm relating P g and HFL 
in general, but there is a hope that the analogue of the equation f[2"Hj) relating 
the filtration in Heegard-Floer homologies with the filtration in the space of 
functions. 
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